Abstract. We characterize the representation-finite triangular string algebras having a path of irreducible morphisms of length three between pairwise non-isomorphic modules whose composite lies in the fourth power of the radical.
whenever f = gh, then either h is a split monomorphism or g is a split epimorphism. For indecomposable A-modules X, Y , denote by ℜ(X, Y ) the set of all morphisms from X to Y which are not isomorphisms. Observe then that an irreducible morphism from X to Y belongs to ℜ(X, Y ) but not to its square ℜ 2 (X, Y ). However, it is not true, in general, that a composite of n ≥ 2 irreducible morphisms through indecomposable modules going from X to Y is either zero or lies in ℜ n (X, Y ) \ ℜ n+1 (X, Y ) (see examples in [6, 10] ).
In the present paper we continue our study of composite of n ≥ 2 irreducible morphisms started in [6, 7, 8] . In [6] , we considered the situation of when the composite of two irreducible morphisms is nonzero and lies in ℜ 3 (modA) (see also [1, 5] ). In [7] , we studied the more general situation of the composite of n irreducible morphisms lying in almost sectional paths, while in [8] we concentrate our attention for the particular case n = 3.
Continuing our work, here we will characterize the representationfinite triangular string algebras having a path of three irreducible morphisms whose composite is a non-zero morphism in ℜ 4 . String algebras were introduced by Butler-Ringel in [4] and the description of its modules given there will be very usufel for the problem we consider here. The analogous case of paths of irreducible morphisms of length two has been considered in [6] .
1. Preliminaries 1.1. Throughout this paper, all algebras are finite dimensional basic k-algebras where k is a fixed algebraically closed field.
A quiver is given by two sets Q 0 and Q 1 together with two maps s, e : Q 1 −→ Q 0 . The elements of Q 0 are called points while the elements of Q 1 are called arrows. For a given arrow α ∈ Q 1 , s(α) is the starting point of α and e(α) is the ending point of α. For each α ∈ Q 1 , denote by α −1 its formal inverse and define s(α −1 ) = e(α) and e(α −1 ) = s(α). A walk in Q is c 1 · · · c n , with n ≥ 1, e(c i ) = s(c i−1 ) for 1 ≤ i ≤ n, and such that c i is either an arrow or the inverse of an arrow. The inverse of a walk c 1 · · · c n is c −1 n · · · c −1
1 . Finally, we say that c 1 · · · c n is a reduced walk provided c i+1 ̸ = c −1 i for each i, 1 ≤ i ≤ n − 1. If A is an algebra, then there exists a quiver Q A , called the ordinary quiver of A, such that A is the quotient of the path algebra kQ A by an admissible ideal.
Let
A be an algebra. We denote by modA the category of all finitely generated left A-modules, and by indA the full subcategory of modA consisting of one copy of each isomorphism class of the indecomposable A-module. Denote by Γ A its Auslander-Reiten quiver, by τ the Auslander-Reiten translation DTr and by τ −1 its inverse. Let X ∈ indA. If X is not projective (not injective), denote by α(X) (α ′ (X), respectively) the number of indecomposable summands of the middle term of the almost split sequence ending (starting, respectively) at X.
A path X 1 −→ X 2 −→ · · · −→ X n−1 −→ X n of irreducible morphisms through indecomposable modules, with n ≥ 3, is called sectional provided that for each i = 3, · · · , n, X i−2 is not isomorphic to τ X i . By [9] , the composite of irreducible morphisms lying in a sectional path of length n belongs to ℜ n \ ℜ n+1 .
String algebras.
A finite dimensional algebra A = (kQ A )/I A is called string [4] provided:
(S1) Any point of Q A is the starting point of at most two arrows. (S1') Any point of Q A is the ending point of at most two arrows. (S2) Given an arrow β of Q A , there is at most one arrow γ with s(β) = e(γ) and βγ / ∈ I A . (S2') Given an arrow β of Q A , there is at most one arrow γ with e(β) = s(γ) and γβ / ∈ I A . (S3) The ideal I A is generated by a set of paths of Q A .
String modules.
Let A = (kQ A )/I A be a string algebra. A string in Q A is either a trivial path ϵ v , v ∈ Q 0 , or a reduced walk C = c n ...c 1 of length n ≥ 1 such that no sub-walk c i+t · · · c i+1 c i nor its inverse belongs to I A . We say that a string C starts in a deep (or on a peak) provided there is no arrow β such that Cβ −1 (Cβ, respectively) is a string. Dually, a string C ends in a deep (or on a peak) provided there is no arrow β such that βC (β −1 C, respectively) is a string.
For each string C = c n ...c 1 , one defines an indecomposable Amodule M (C) called string. We refer to [4] for details on this construction, as well for the results mentioned below.
The almost split sequences with indecomposable middle term and involving string modules are described as follows. Given β ∈ (Q A ) 1 such that there is a string γ −1 r ...γ and ends on a peak (with r, s ≥ 0 and γ i , δ j being arrows), then such a string is unique. We define the indecomposable string modules
Then there exists an almost split sequence 0 −→ U (β) −→ N (β) −→ V (β) −→ 0, and each almost split sequence involving string modules with indecomposable middle term is of this form.
For unexplained notions on representation theory, we refer to [2, 3, 11] .
Composite of three irreducible morphisms
2.1. We first recall the following result from [8] .
Theorem. Let A be an algebra and let X 1 , X 2 , X 3 , X 4 ∈ indA. Then there exist irreducible morphisms h i :
and only if one of the following conditions is satisfied.
(a) The path
and there are irreducible morphisms
and there are irreducible morphisms f i :
, and a morphism φ ∈ ℜ 2 (X 2 , X 2 ) such that f 3 f 2 φf 1 ̸ = 0.
2.2. As a consequence, we can easily prove the following.
Proposition. Let A be an algebra and X i ∈ indA for i = 1, ..., 4, with X 2 ̸ ≃ X 4 . Then there exists a path X 1 
Proof. The necessity follows easily from (2.1).
For the sufficiency, assume that (a) holds. Note that X i is not injective for i = 1, 2. Then, by [7] (Theorem 3.5), there exists a path X 1
is a sectional path. Now, if h 3 h 2 ∈ ℜ 3 , then by [10] (Lemma 1.2), h 3 must be a surjective right minimal almost split morphism, a contradiction to the fact that α ′ (X 2 ) = 2. A similar argument for (b) finishes the proof.
Observe that the cases (a) and (b) of the above result induce, respectively, the following configurations in Γ A :
The results
3.1. In our first result, we give necessary and sufficient conditions for the existence of paths of irreducible morphisms between string modules of length three to have non-zero composite lying in ℜ 4 .
Proposition. Let A = kQ A /I A be a connected string algebra and 
(with β 1 , ν i being arrows and
is non projective and there exists a string C ′ that ends on a peak with C ′ = β 1 C and
1 β 1 C (with β 1 , ν i being arrows and
Proof. Necessity. Observe that our assumption is equivalent to either (a) or (b) of (2.2). Assume we have condition (2.2)(a). Since X 2 is a string module and α(X 1 ) = 1 then, as recalled above, there exists an arrow β 0 such that
s is a string that starts in a deep and ends on a peak. Moreover,
is not injective and that
Now, if C does not start on a peak and since C ends on a peak and α ′ (X 2 ) = 2, by [4] , the irreducible morphism X 2 → X 3 is the canonical embedding from M (C) to M (C ′ ), where C ′ a string starting in a deep of either one of these forms
On the other hand, if C starts on a peak, and since C ends on a peak and α(X 2 ) = 2 , by [4] 
is a string not starting in a deep. Moreover,
s−1 for some l ∈ N or e(δ s−1 ) = s(γ r ). Thus we get (b).
If we now assume that condition (2.2)(b) holds then dual arguments lead to the cases (c) and (d).
Sufficiency. By hypothesis, since there is an arrow
s starts in a deep and ends on a peak, then there is an almost split sequence in modA with indecomposable middle term of the form
Suppose that (a) holds. By [4] (lemma p. 166), since there are ar-
and there is a configuration of irreducible morphisms as in the condition (2.2)(a) as follows:
is the natural embedding. By [7] (Theorem 2.4), since N is not isomorphic to M (C ′ ) and φ 1 ∈ ℜ 3 , it is enough to show that φ 2 φ 1 ̸ = 0 to get the result. If however φ 2 φ 1 = 0 then f 3 ιπf 2 f 1 = 0 and hence
is not a submodule of X and then 
is the natural embedding. We claim that 0 ̸ = f 2 f 1 is a monomorphism, since Imf 1 ∩ Kerf 2 = {0}. It is enough to show that φ 2 φ 1 ̸ = 0 to get the result. If however φ 2 φ 1 = 0 then f 3 ιπf 2 f 1 = 0 and hence
is not a submodule of X and then
If we assume that conditions (c) or (d) hold, with a similar analysis as before we get the condition (2.2)(b).
3.2. The above result allows us to characterize the quivers of the representation -finite string algebras having paths of irreducible morphisms between non-isomorphic indecomposable modules of length three with non-zero composite lying in the fourth power of the radical. We will illustrate it in the following example.
Example. Let A ≃ kQ A /I A be the k-algebra given by the quiver Q A : is non projective and C ′ = β 1 C is a string that ends on a peak, with β 1 ̸ = δ 2 . Then by (c), since e(δ 2 ) = s(β 1 ) we conclude that there is a path of three irreducible morphisms with non-zero composite in ℜ 4 .
Before stating our main result, we will prove the following lemma. Assume first that condition (a) of (3.1) holds. Then C does not start on a peak, and there is an arrow β 1 such that Cβ 1 is a string. If β 1 = γ r then C ′ = Cβ 1 is a string that starts in a deep, and so we infer that there is a walk Q ′ A in Q A as follows
Lemma. Let
Moreover, since A is triangular and C does not start on a peak, it implies that Q ′ A is indeed a subquiver as follows On the other hand, since C ends on a peak, then C ′ ends on a peak and if there is an arrow δ such that e(δ) = s(γ r ) then γ r δ ∈ I A . Observe that since C ′ = Cγ r is a string that starts in a deep then there is no arrow δ such that s(δ) = s(γ r ). Thus, (a) is satisfied. Now, if β 1 ̸ = γ r then C ′ is of the form
and we infer that there is a walk with t ≥ 0. If t = 0 and C ′ is a string with the condition e(β 1 ) = s(γ r ), then we infer that there is a walk Q ′ A in Q A as follows
Then it implies that Q ′
A is a sub-quiver of the form:
since C is a string that ends on a peak. Hence J = {a} and γ r δ s = 0. Moreover, because C ends on a peak then we also have that γ r β 1 = 0. If there is an arrow δ ′ such that e(δ ′ ) = s(β 1 ) then δ ′ β 1 γ r · · · γ 1 = 0 since ′ β 1 γ r = 0 and there are no arrow δ ′′ with s(δ ′′ ) = s(β 1 ), since C ′ starts in a deep. Now, if t > 0 then by hypothesis, since A is triangular, C and C ′ are strings with the given conditions, γ −1 r ...γ
then it implies that Q ′
A is indeed one of the following sub-quivers (1), (2), (3), (4) or (5) below (identifying vertices in the cases that it is possible) and denoting the arrows ν 1 , . ..ν t , γ 1 , ..., γ t by α 1 , . .., α n :
In particular when δ s ...δ 1 is a point then β 1 β 0 ̸ = 0 since C ′ is a string and (1) is the subquiver
In both cases, since C ′ starts in a deep and ends on a peak then kQ ′ A ∩ I A is non-zero and the set
1 with e(δ) = a and δ ̸ = α a−1 then α 1 · · · α a δ ∈ I A (observe that C ′ ends on a peak because C ends on a peak). Therefore we get condition (b).
We can also identified some vertices in (1) getting the following subquiver in Q A : (2) when J = {a} we get (c).
Besides the quivers above, we have the following possibilities (4)
which gives, clearly, representation-infinite algebras, a contradiction to our hypothesis. Now, assume that condition (b) of (3.1) holds. Then
is a string that starts on a peak, and we infer that there is a walk Q ′ A in Q A of the form: 
A is indeed a bypass as follows r r r r r r p p p p
with ℓ(γ) > 2. Denote by a = minJ and b = maxJ. Since C starts on a peak, there are no arrow ending in b, but anyway we can also have three irreducible morphisms with non zero composite in ℜ 4 when we consider the string given in (3.1)(d). In this case, we find that such irreducible morphisms are in a configuration as described in (2.2)(b), proving the implication. Now, if (3.1)(c) holds, since C does not ends on a peak, then there is an arrow β 1 such that β −1 1 C is a string. In a similar way as before we can prove that conditions (c) or (d) of (3.1) imply (2.2)(a) and (2.2)(b), which finishes this implication. Sufficiency. To prove this implication, we are going to show that for each subquiver stated, we can find strings as in Proposition 3.1. Since we get the subquivers using the fact that there has to be a particular string on it, then clearly we can recover it from the quiver proving all the cases. We are going to prove here only one case to show the technique and we left the other cases to the reader.
Assume that (a) holds. First, consider the case that b = maxJ, a = min J and a ̸ = b. Then there is an l > 0 such that γ r−l ...γ r = δ s−1 ...δ s−1−l and we have a string:
that starts in a deep and ends on a peak. Moreover, C is a string starting on a peak, and (3.1)(b) holds. Now, if max J = minJ = a, then the string
starts in a deep and ends on a peak. Moreover, by hypothesis if (i) holds then C is a string not starting on a peak. Then there is an arrow β 1 and a string
is not injective and we get condition (3.1)(a).
In a similar way, we can analyzed the rest of the cases getting the result.
3.4. In [6] , we gave a characterization of the quivers of triangular string algebras of finite representation type having two irreducible morphisms between indecomposable modules with non zero composite in ℜ 3 . Using this result and the above theorem we can obtain a characterization of the quivers of triangular string algebras of finite representation type having three irreducible morphisms between nonisomorphic indecomposable modules with non zero composite in ℜ 4 , but not two with non-zero composite in ℜ 3 . Proof. The result follows easily from (3.3) and [6] (Proposition 3.4). 3.5. We finish this paper with some examples.
Corollary. Let
Examples. (a) Let A be the algebra given by the quiver: with βα = 0
For this algebra, there are paths of three irreducible morphisms whose composition is non-zero but lying in the fourth power of the radical.
On the other hand, there are no pairs of irreducible morphisms whose composite is non-zero and lies in ℜ 3 . We refer to [8] for details on the latter remark. 
